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ON THE STATE OF STRESS OF AN ORTHOTROPIC ELASTIC ELANE REGION
IN THE NEIGHBORHOOD OF A CORNER POINT

V.A. SHACHNEV

By using the solutions of certain special boundary value problems, the nature of the
stress field features at a corner point is investigated. The asymptotic of the stress
field is determined to constant accuracy in the neighborhood of the corner point,in
particular, in the neighborhood of the terminus of a crack, a corner point of a re-
entrant point type. As an example, there is considered the deformation of a half-
plane with an oblique crack on the boundary. The features of stress fields at smooth
points at which external loads have singularities, or the nature of the boundary
conditions changes, are also determined.

The problem of corner points for an elliptic system of equations to which the
system of statics equations of linear elasticity theory also belongs, was investi-
gated in /1—3/, but re-entrant points were not considered. Results referring in-
trinsically to the system of elasticity theory equations for an isotropic body were
published in /4/.

The results of this paper follow directly from the solutions of certain special
problems /5/.

1. wWe write the governing relatiornships between the displacements y; and the stresses
pi; as follows R
Oju; = }2'1 QjjxkDrxs  Orde -+ Oglly = 4Gig12D12
where 0; is the operator of differentiation with respect to the coordinate zj j = 1,2 (later
we take T = I, T, = Y).

Here the homogeneity of the relationships means that the displacement field is defined
just to the accuracy of an elementary three-dimensional field in the form of second-order poly-
nomials, or the two-dimensional state of stress is generated by a two-dimensional displace-
ment field. )

The stresses, integral forces Py = jpkds (ds is the differential of the arc contour of the
domain D)), and the displacements of the two-dimensional problem can be expressed in terms of

two analytic functions @, n = 1,2 and their derivatives in the form /5/:

2 2
Pix==2Re 3 (— 1, ) D, (z,).  Py=—2Re 3 (— p, 0 Dy(z,) (1.1)
n== n=1

2
_ NIt
uy=2Re 211 Vo 8@ (Zn),  Epn = Grpa¥n® + Gppee
e

where z, = = 4 V0 = Z, | iYp. Vo = &, -+ iB, (Bn > 0) are the roots of the characteristic equation
ayun¥'t 2 (@119 + 281510) ¥ 1 @g990 = 0 where the case of equal roots is excluded.
The functions O, are analytic in domains 0D, that are images of the domain D in the map-

pings
S ] O
n —— Ap2 n— 0 ﬁn ’ "—z'f".l/—‘yy
and the following representations are obtained /5/
_ =t — Tnlo — Yo —1,2 (1.2)
QH—WSM}"' Un = K — Ky ’ n ’

Here S, is the Schwartz operator, recovering the function @, by the boundary value of
its real part Py = | peds, po and ue« are projections of the forces and displacements in two mutu-
ally perpendicular directions determined by the slopes 0 and 6* to the z -axis, given as functions
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of the point ; of the boundary of the domain ;) so that

U (z)=vn(A;1zn), 1,(8) =v,c056 —sinb, %,= (e, cos 0% + y.'e,, sin 0%) £;;! (6)

The angles 0 and 9*are determined as a function of the kind of roots of the characteristic
equation. If v, = iff,,then g =0, 0* = /2 or 9 .= /2, 9% = 0, where both cases hold. Ify, = 4
a -+ ifp then

tg 0=+ (aumfaun)ls, tgh*=-- (@1111/@2922) /¢
For the purposes of the present paper it is sufficient to assume that the domain D is

simply connected, and the unit circle or half-plane are mapped conformally in the domain D,
by using the function f,:{, -z, We then have formally

(=)t \ Yy (%) A

n= 2nit, (6) n) e wn:vn(A:llfn (&) (1.3)

I T b 2y
where the constant ¢, has an arbitrary imaginary part, and [ is the unit circle or real inter-
val (—oo, oo).

Let us first prove the property of the mapping 4, needed later.

Lemma. Every angle in the mapping 4, less (greater) than 7 remains less (greater) than
.

Proof. Every line with the slope ¢ to the z-axis goes over in the mapping 4s into a
line whose slope ¢, is defined by the formula

ctg g, = (ctg g +ea)pt B,>0 (1.4)

Then every wedge with the angle wvn as the apex is mapped by using 4n into a wedge with angle
va%t, which is determined, as follows from (1.4), from the formula

83 (@, v, ®) = (Cb2 (¢ + vi1) -, ) B! (1.5)

There remains just to note that both in the mapping ¢ — ¢» and in the mapping v — vn defined,
respectively, by (1.4) and (1.5) formulas, the points 0, n, 2x and 0,1,2 remain fixed. There
are also other fixed points but the lemma is proved.

Let us consider the domain D with the angular point 2z, and let us make an assumption re-
lative to the domain boundary that the function z =z (s) {§ is the arclength of the contour of
the domain D) has a HOlder-continuous derivative from the left and right of 2, . Then as is
known /6,7/, the function f that maps the unit circle conformally in a given domain, and its
derivative have the form

2= (D) =20 + (5 — Lo (D £ (D = (L — LR (D) (1.6)

vi is the angle between the tangents to the contour at the point z,(0 <<v <{ 2), the functions
g and p are differentiable in a neighborhood of the point {, = /! (z,), and & (§o) 7= 0, A (&) ==
vg (Lo) exist in continuity.
The linear mapping A, does not alter the differential properties of the domain boundary
to the left and right of the angular poin%, consequently it can be assumed that the represent-
ation

o == fn (Cn) = (Cn - Cn")vn &n (Cn)’ fn’ (C'n) = (Cn - Cno)vn—l h'n. (Cn) (1.7)
Lno= fr—ll (2no)» hy, (Cno) = Vngn (Lno) =0

holds for the mapping of a unit circle into the domain D, in the neighborhood of the corner
point 2z, = Ap%, where Vn is defined by (1.5), and by virtue of the lemma is included within
the same limits as v, i.e., v, =(0.1) or v, (1, 2), respectively.

With respect to pe and ugs, considered here as functions of s, we assume that they are
HOlder-continuous to the left and right of 8 z(S,) = %, where ps can have a finite discontin-
uity at So» a power-law singularity in S is achieved for u{,* (i.e., ug» belongs to the class

H* fyom /8/), and in the neighborhood of the point $ we give the representation

to - (s—so)u,(s)y, S>> (1.8)
o= { o - (so— sy u_(s), s<so ux(s0)#0

where p >0 and there exist finite unilateral derivatives 4y (). For =1 a finite discon-
tinuity in S is allowed for ug/ .
Introducing the notation  w, (s) = v, (2 (5)), we have Pn (£, (5) = w, () according to (1.3) and
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(1.2), where the function &, (s) and its reciprocal are determined by the relationship 2, (s) =
fn (%) on the domain boundary. Differentiating this relationship, and taking account of (1.7),
we obtain
w, (s)
’

, 2,/ (s) ) )
gn (3)=m(§n—Cnn)l v"v ¥n (Cn)"_‘w (1.9)

Let us note that 2, (s) = 4,2 (5) %= 0 since |z (s) | =1 and det 4, = B, = 0. Taking this
remark into account, we determine the order of the singularity of the function VP, as Ln = Cao-

We shall say that a certain quantity p has a singularity of order p as ¢q—+¢q, if for ¢
sufficiently close to ¢pit is possible to determine p = (¢ — %)*¢ (9) and the function a(9) is
bounded in the neighborhood of ¢p. For w<<Uwe will call the singularity of zero order —p
as 9 o

In the neighborhood of thé point [,, we introduce the local coordinate system L = Lo +
o €Xp (i8,), where the angle §, is measured counter-clockwise from the tangent to the circle
1z, =1 at the point &, so that 0<(8,<(# In the circle itself p,=2sind, and therefore,
df, = 2 exp (i26,)d5, .

Furthermore, Z, (5) =2, (8,)d8,/ds and therefore we have ds/dS, = z,’ (8,)/zn(s). According to (1.7),

we compute , , . .o - '
2, (8,) = f,’ (L) AT /d, = 20 (sin 6,)"" ™ exp (i (v, — 1)8,) hy, ()
and we then obtain (d8,/ds > 0):

arg zn' (5) = arg z," (8,) = (Vo + 1) 8, + arg h, (L) (1.10)
We determine the nature of the dependence of ¢ on §, , and therefore, on U, in the neigh-
borhood of the point G&no at both the left and right of this point, or equivalently, in the
neighborhood 8, = 0 and 8, == , respectively.
In the neighborhood of the point 6n = (0 we represent the difference s—s, (s> Sp) in the form

[ 8,
S O A G G vy i s w1 | e (G
s So = 50 T,",W d6.n = § 2" (Sln 61!) n Zﬂ, © d6ﬂ=
2v hn (Cno) 6" . v, —1 . \ )
n mls (sin )" dsin b, -+ o(sin’n §,), 6,—0

[l

Summarizing, we will have as s—s, + 0 (8, - 0):

AT (1.11)

1 . M
§— o~ ——(2sin 8,)"n e 0)
n n

Proceeding in an analogous manner,we obtain exactly the same expression for So — $ (s <$o)in
the neighborhood of the point 6, =7 as (1.11) with the replacement of z,' (5, + 0) by z, (s, — 0)
(we consider an analogous integral with the limits 8, and m). Finally we conclude that s—s,
and $, —$ are of zero order in v, as = Cno.

Now we show that ¥, has a singularity of order 1 — pv, as L, = L . To do this we con—
sider the following limit

: Ly, o . 1; (1-pyv,, w,' (5) _ Py (Ego) . o \A=pvy,
lim & — cﬂo) " Vs (Cn) =lim (c'n— Cno) " Whn (Cn)_ —W—_’ﬁ)z:m lim (£, — Eno) e ug’ (s)

Ca—Tnot0

where relationships from (1.9) and (1.2) are used.
According to (1.8) and (l.11l), we obtain

lm (G — L) ™ uge’ ()= Wt (50) i (G — Ge) ™ (5 — syt =

En—tno 0
. . ooy, | @sind ) R @y \EE
bt (50) Jim (2sin 8 exp (i6,))" "’V"( (g’; )

and, finally taking into account that argz, (s, + 0) = arg h, ({no) according to (1.10), we obtain

i ()
2, Got 0)

3 _ 1-uv, ’ I Y Y Lt
L"—l'lcl:z~l—0 (Cn Cno) P, (gn) = u2+— ’:1 Va

(1.12)

Proceeding in an analogous manner as {, = [y, — 0 and taking into account that argz, (s, —
0) = (1 + v;) n + arg ky (Lno) according to (1.10), we obtain
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N

Zn’ (so — 0}

GG ™ ) = exp (— ivem) S

(1L.13)

Since 1 — pv, << 1,then the singularity for ¥ is integrable, and consequently, integra-
tion by parts is allowable for the evaluation of @, (z,) in (1.3), resulting in the improper
integral

(=" ) 4 ¥, (T,) dr.
O =D Talty) Sy ](C)ZRM, L=l
n 2nit, (8) dz, nien B T, — &, e (1.14)

The results obtained below follow now from the properties and the asymptotic representa-

tion of a Cauchy type integral whose density has a weak singularity /8/.

Theorem 1. If p<Cmin {v;7), v,71, 1} then the stress field has a singularity at the corner
point.

The assertion of the theorem results from the asymptotic representation of the integral
in (1.14) in the case p << 1/v,. In this case, we have /8/ according to (1.12) and (1.13):

O, =

T 20— %) ¢, (0) sinpv w (s, — 2 0)H

(— )" wexp (— ipg,) ( uy (sq) exp (— ipv, 71} u_ (s0)

- LW, o= argz, (so-+-0) (1.5)
f2, (s +-0) I |Zn’(So—0)|“> o0 o g2 (SoF0)

where ¥,, > 0 as z —z,

Since 1 — p > 0, ®,” has a singularity, and then computing the stress by the first form
from (1.1) for the principal term @, we see directly that all the stresses are not simultan-
eously zero, and therefore, the stress field has a singularity. The theorem is proved.

Let us consider two different kinds of corner points corresponding to the cases v <~ 1 and

v > 1,

Theorem 2. If the internal angle at a point on the domain boundary is less than
7 (v<{1), then the stresses at this point have a finite limit if and only if p=1, i.e.,
when pg and ug’ are piecewise-Holder-continuous.

Proof. 1f << 1, then p << min {v;"%, ¥,"'} and by virtue of Theorem 1 the stress field
has a singularity at the corner point. If p>1,, thent — W, <1 —v, and Y,', and hence,
the integral in (1.14) also has a singularity of order not greater than 1—v,. But since here
dt.fdz, = l/f,'has a zero of order 1 — v, according to (1.7), then consequently the @,’ are fin-
ite and the theorem is proved.

We present the asymptotic representations of the derivative for p = 1:

(— 1) exp (— i) ( w,’ (s — 0) w,’ (554 0)

O, = 2t (D) sin v, nv 12, (50— 0}] T 2, (50— 0} ) F o

Substituting @, in (1.1), we obtain a representation for pj.
From the finiteness of the stress for v<(1 the finiteness of the force on the domain
boundary follows by virtue of the Cauchy relationship

Px = Pri?1 ' Pralle (1.16)

where (71, %2) is the unit vector of the external normal to the boundary of the domain D-

Let us note that the converse is also true: the finiteness of the stress follows from the
finiteness of the force on the boundary for v<{1 . This results directly from the equili-
brium conditions of specially isolated neighborhoods of the corner point. The result obtained
agrees with the solution of the problem for an isotropic lens-shaped domain /9/.

For the case v > 1the stress field can have a singularity at the corner point even for
finite forces on the boundary. Let us examine this case.

2. If v>1 and v, > 1 according to the lemma, then from the condition p << 1/v, there
results that 4 <<1 and then Theorem 1 is valid. If v, = 1/u for some n, then v,’ has no sing-
ularity. If here ¥, (Lo — 0) = ¥n' (§ao +0) then Theorem 1 and the formula (1.15) are valid
also in this case. If Y," ({ng— 0) %Y, (L +0) for vy, =1/p, then the principal termin (1.15)
acquires the factor —p ln (2, — z,,), and Theorem 1 holds also in this case.

For p > 1/v, (n =1, 2) the functions v,’ are HSlder-continuous, where Yn' (fne 4=0) = 0. By
virtue of the Privalov—Plemelj theorem, the integral in (1.14) has the same continuity character.
The singularity of @, is possible only because of the derivative din/dzy, i.e., the order is
not greater than v, —1 for {n—>%w or 1 — 1/, for Zn—>2,. Let the asymptotic equality hold
here for &, — Cnot
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4 d
L g ‘pn—(r@)—rlzcn (gn_gnl))un7 p‘n>0’ anL

Tn—cn
Then there follows from (1.14) and (1.7)

(=" e, 14p,
1A, ° Ap= v » Bno=Egn(Cno) (2.1)

n

,~

g x
2t (0) v, 8n0 (2, — Zp0)

Substituting these derivatives (n = 1, 2) into (1.1l), we cbtain asymptotic representations
for the stresses in the neighborhood of the corner point.

Let us examine the forces on the boundary. Being given the arbitrary direction at an
angle ® to the z-axis, because of (1.16), (1.1), (1.14) and the Sokhotskii—Plemelj formula
we obtain for the projection PpPe

2
Po=(puy' (s) — pu#’(5)) c05© -+ (pusy’ (6) — pao®’ () sin 0= 2 Re ¥ 1,,(0) ;" (z,) =
tﬂ (m) nesl
7, (0)

Re )" (— 1710, (1 () + i LG 22, 0=

n=1

where, as mentioned in /5/, Reo; = Res, = Res. Since meanwhile, ¥o' (L) G’ (9) = wp' (5) are real,
we then have

3 G dat
Po=Reapy+ Z(-— 1)*1 Re (7,% 1n (€n) d—:)

n=1

Setting ® =9 here, we see that for ¢, = 1the sum is zero and hence

2
Po=Reops + -+ ' (— 1t Tm o, Ro (I, (¢,) ) (2.2)
n=al
The guantity pPo is evidently finite if and only if the sum has a finite limit as s—
s, = 0. In the case when both integrals in (2.2) differ from zero for ¢, = {, the finiteness
of the sum is possible only for identical orders of the singularities of the sum components.
This latter is possible for suitable values of p. Por instance, if v; <¥; and p E (v,7}, v, ),
thi/n from (1.15) and (2.1) it follows that I should still satisfy the relationship p = (1 -+
W)/ Vs
Of all the possible cases of the relationship for W, let us just select the case when
the corner point is a re-entrant point. 1In this casewv = 2 and v; = vy =2 , where, because of
Theorem 1, there remains to consider the case [ > For pu = ywe assume that y,' (L, —0) =
Yn' (Cao £ 0 =82 (@ =0) for p>)
According to (1.12) and (1.13), this is possible if u_(s) = u, (s,) and

8, (E0)

I (2.3)
z." (50 4 0)

Uy (s0)

a, —=—
" Hg wmm ¥y

In the neighborhood of the corner point, we introduce a local coordinate system

z2=17z,+rexp (ip), @ <O @ +2n, ¢ =args’ (5,4 0) = arg g (§y)
We then have in the neighborhood of the point z,

2, = A, (2, + r exp (i9)) = zn + 7k, exp (iQs), kp=|cos ¢ + y,sin g | (2.4)
Pro K Pn < Pro + 27, Qo = Py () = arg 2’ (s, + 0) = arg g, (Cno)

Pn = Pn () is determined from (1.4).
We obtain from the relationship (&, — Cno)gy (8n) = rk, exp (ip,) which follows (1.7)

d, 1 1 . ‘v,.+<v,.o) —
Zon ~ — im0 ), gno=gn(no)
dz, G — o) ' 2 Tealir exp ( P » ont n (2.5)

Substituting (2.5) into (1.14), and then in (1.1), we obtain the following asymptotic re-
lationships for the stress tensor components in a polar coordinate system:

2
~_1 A (=t tim (9) b L9 (@) + 90 2.6
Pim = —= xRe( (a __'-_)ex (_l__n_n)) (2.6)
"= 57 o Vit < e (T (ot ) e :
Im = r, 11, 0@; tne = — (¥, 0s @ — sin @) (v, sin ¢ + cos @)
tarr = (Yn €03 @ — 8in )%, tnge = (v sin @ + cos @)% b, = I, (En)
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It follows from (2.3) that a, are real. The quantities 0Us also turn out to be real.

If L = (—oo, ), then b, are evidently real since in this case all the variables are real
in Iy {Lno) under the integral. In the case when I is the unit circle, it follows from the
geometric constructions that 1

{ty— L) =5 (g8, () — &}

6a () is the angle between the chord ™ — &ne and the tangent at a point {n, measured counter-
clockwise from the tangent. And since P! (tp) diy = wy,’ (s)ds, W& then obtain
i

:
1 P
b, =5~ \ (ctg 8, () — iyw, ' {s) ds = 5~ \ ctgd, {s)w, ' {s)ds
b 0

because of the continuity of wa (s and the periodicity wp () = w, (0) (! is the length of the con-
tour of the domain D). Therefore, ®» are proved to be real.

The integral representations {(2.3) agree in the nature of their dependence on r with the
representations for cracks in an unlimited body /10/, except here the intensity coefficients
are determined in terms of 4, and &,

Let us consider the condition for finiteness of the force on the boundary for the stress
field (2.6). Since 2’ (5 + 0)==exp(iQo}: then z," (5, +0) = &, (@) 6xp (ipns) and z.” (5,— 0) = &, (9, -+
@) exp {iQny + i3}, Ky (@g) = | €05 @y -+ ¥x8i0 Q). It then follows from (2.5) that

dg,  db, 1 kg (@0}
—n .t =1/ o 0
ds — dz, 2/ () 2 [ga0lr

Substituting into {2.2} and taking into account that the b, are real, we obtain
2

~_ 1 Ayl k(@) (2.7)
Po = Zyr 241 ""Im""l/ Teml

It is hence seen that the sum should be zero for the finiteness of p,, whereupon we have

if & 0):
(i n 7 ) bn=8"b, &y = Im On an ((PD)/ ]gn°|

The constant b is determined from the solution of the problem as a whole.

Example. wWe consider the deformation of a half-plane (#>>0) with a crack on the bound-
ary. Let An be the slope of the crack to the half-plane boundary, measured counter-clock-
wise from the boundary, and ! the crack length. Then the function mapping the half-plane % =
Im {> 0 onto the half-plane with a crack has the form /11/:

P T O I (I Y L S P

The origin here {,=0 is mapped at the end of the crack, at the point z, = lexp {iin). The
mapping An transfers the half-plane with the crack, inclined at an angle An to the boundary,
into a half-plane with a crack inclined at an angle A, to the boundary, determinedby (l1.4). Then the
mapping of the half-plane in the new domaln will be realized by the functions

Z*C(\ {—1—}~} ( 3\) ,C~l (l——?») n;\—"n
where In = kyn (An), kn from (2.4), here the origin {», = 0 is mapped into the end of the crack zne =
Iy, 0xp (iAnm).

In order to determine the asymptotic of the stress field in the neighborhood of the crack

tip, we expand the function z» = fn {{x) in the neighborhood of & =0 in a power series in In

, Z;"Z
z, =1, exp (ih,m) (1——2—;»;—(-(:;‘:)“ + . )

Comparing with (1.7}, we obtain gpo=Ilpexp (—i{l —Ag}m) (2ha (1 — Aa)). Then subsituting inte (2.6},
we obtain for instance

=7 Z<—-m—1( P ne (SatRTEW (1t )y (- S L))

nn\ 'n(

and the condition for finiteness of the forces on the boundary will have the following form
according to {2.7) 2
> (— 1)""1bn Ims, VW——AH—) = )
n=l
Let us note that the problem of the deformation of a half-plane with an oblique crack is
solved in /12/ for one particular kind of load.
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3. It is known that the stress field singularities can occur also at smooth points of
the boundary even if the boundary data are limited, for instance, when pg and Ug+’ at a smooth
point of the boundary have a finite discontinuity. In this case w,’ (s) has a finite discon-
tinuity at the point $, and since ¥»' (&) = w,” (5) &, (L,)/z, (s) , then the integral in (1.14) will
have a logarithmic singularity /8/

O, = ( 1)"’1 .0 ( wnl {50~ 0) — w‘n/ (s
 =(—

+0)
— - P
e T I8 (En (2) = Goo) + ¥
where ¥,, has a finite limit as s-—»s;, The stresses in (1.1) will also have the same singul-
arity.
If the finite discontinuity has an integral force, corresponding to a concentrated load,
then ®, has a logarithmic singularity

w, (s~ 0) —w, {5+ 0)
D, = (— 1yt == ) P10 (6 (24) — Eno) -+ Do

while the derivative @,’, meaning the stresses, have a singularity of order one. Let us note
that this singularity is conserved even at the corner point. Indeed, in this case({, — fnw)'® =
(2n — 2n0)/8n(8,) @and vy In (§n — Lno) = In (2, — 240) — In g, (L), therefore

(=)t (5 —0) —w, (s0 + 0)
77 2nit_(8) v, (2, — 2,0)

@, + ¥

The singularities can occur for the stresses at smooth points even when a "discontinuity"
of the nature of the boundary conditions occurs at these points.

Let us consider the following boundary value problem for the case of the roots yn = ifn.
On the section (a,b) of the boundary of the domain D let be given p; and u;, but p, and wu
are given outside la,8] , while Pr and ' are bounded and H6lder-continuous outside the ends
of the section. We have the following boundary value problem /5/ for the functions ®n

Re @ = (—)'uy, (4712)) op (ay:8,)
2m@, = (— 1)y, (4717 )out of fa,b ]
Ugen = (Mg_n Py — ug_ (s — %;)

where (4n, bn) is the image of (e, %) for the mapping 4,. Mapping Dn on a half-plane, we arrive

at an analogous problem for @p (z;({n) which is solved by using the Keldysh-— Sedoy formula, In
this case the solution has the form /8/:

oo

1 1 ¢ g, (500, (A0, (3)
"= (75§ =5 e Tt il F ol
U= (=1 on (a,b,),B,0, = (— )iy, out of la, b ]

€ (L) = ({6, — 5,9 (G, — 5,2

where ¢ny(=0,1,2) are arbitrary constants, and {n® (s’ are prototypes of the points 9n, bn.
This solution can have a singularity of order 1/2 as ¢, and then z- z and the stress
field have a singularity of order 3/2.
A solution bounded at all ends is possible for certain constraints on the data of the

problem. However, even in this case the singularity of the stress field can be of order 1/2
for z— 1z
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